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1. (a) Note that §,R € %.
Pick any arbitrary collection of elements U, € ¥. If at least one of U, is R, then we have
UaerUs = R € T. Otherwise, WLOG we assume that for all @ € I, U, = (nq,00) for some
ne € N. Then UyerUy = (n,00) € ¥, where n = min{n, | a € I'}. Hence arbitrary union of
elements of T lies in ¥.
Pick any Uy, Us, ..., U, € T. If at least one of U; is 0, then N¥_,U; = ) € T. Otherwise,
WLOG we assume that for all e = 1,2,...,k, U; = (n;,00) for some n; € N. Then we have
Nk_ U, = (n,00) € T, where n = max{n; | i = 1,2,...k}. Hence arbitrary intersection of
elements of ¥ lies in ¥.

As a result, {0,R} U {(a,00) : a € N} is a topology for R.

(b) By dense property of rational number, pick a decreasing sequence ¢, € Q which converges to
V2 € R\Q. Then we have U2, (gn,00) = (v/2,00) € T. Hence {#,R} U {(a,0) : a € Q} is
not a topology for R.

(c) Note that ,R € %.

Pick any arbitrary collection of elements U, € T. If at least one of U, is R, then we have
UaerUs = R € . Otherwise, WLOG we assume that for all @ € I, U, = (r4,00) for some
rq € R. If {r,} is bounded below, then UyeUy = (r,00) € ¥, where n = inf{r, | a € I}.
Otherwise, we have U,c;U, = R € €. Hence arbitrary union of elements of ¥ lies in ¥.

Pick any Uy, Us,...,Ux € T. If at least one of U; is @, then N¥_,U; = 0 € T. Otherwise,
WLOG we assume that for all i = 1,2,... k, U; = (r4,00) for some n; € N. Then we have
Nk, U; = (r,00) € T, where r = max{r; | i = 1,2,...k}. Hence arbitrary intersection of
elements of T lies in ¥.

As a result, {0, R} U {(a,0) : a € R} is a topology for R.

2. (a) First let us show that X\Int(A) = X\A. Pick 2 € X\Int(A). Then 2 ¢ Int(A). So for
any U € T with z € U, we have U ¢ A and hence U N (X\A) # (. Hence z € X\A and
X\Int(A) € X\A. Pick € X\ A. Then for any U € T with = € U, we have U N (X\A) # 0.
Hence U ¢ A and hence z € X\ Int(A). This shows that X\ Int(4) = X\ A. Thus we have

X\(XVA) = X\(X\ Int(A)) = Tnt(A)

(b) Let A=Q and B =R\Q in (R, Ttq). Then we have Int(A) = Int(B) = ) and Int(AU B) =
Int(R) = R. Hence Int(A U B) # Int(A) U Int(B) in general.

3. Let Tepa =% U%y, where T ={GCX:GNA=0}and T ={G C X : AC G, X\G is finite}.
Since 0 N A = (), we have () € T.r4. Also, since A C X and X\X = 0 is finite, we have X € T.f4.
Pick any arbitrary collection of elements U, € Topa. If U, € T; for all o, then (UaerUs) NA =
Uaer(Ua N'A) = 0 and hence UaerUq € T1 C Tepa. Otherwise, we have U, € T, for some o € 1.
Then we have A C U, C UaerUy and X \(UaerUs) C X\U, is finite. Hence UaerUqs € Ta C Tepa.



Pick any Uy, Us, ..., Uy € Tepa. If there exists m such that U, € Ty, then (N¥_,U;)NA C U,,NA =
0. Hence (Nf_,U;) € T C Tepa. Otherwise, we have U; € Ty for all i. Since A C U; for all i, we
have A C NF_, U;. Furthermore, the set X\(NF_,U;) = UF_, X\U;, being a finite union of finite set,
is finite. Hence ﬂleUi €%y C%epa.

As a result, T.ra is a topology for X.

4. (a) The statement is true. Recall that Toq C Ty;. Given a continuous function f : Ry — Ry
Pick any open set U € T4. Then we have U € T;;. By continuity, we have f~1(U) € Tyq.

Hence f is a continuous function from Rg;q to Rgg.

(b) The statement is false. Consider the function f : R — Ry defined by f(z) =0 for all z < 0
and f(x) = 1 for all z > 0. Note that for any open set U, f~1(U) is equal to (i) 0 ; (ii) [0, 00);
(iii) (—o00,0) or (iv) R. Hence f is continuous. However it is not continuous as a function

from Ryiq to Rgpq.
(¢) Same as (b).

(d) Counsider the function f(z) = —z. Clearly f : Rgq — Rgiq is continuous. However, we have
F71([0,1)) = (—1,0] € T;;. Hence f is not a continuous function form R;; to Ry;.

5. (a) The statement is true. Consider the countable set Z C R. Pick any open set U. By definition
of cofinite topology, we know that X\U is finite. If UNZ = ), we have Z C X \U, contradicting
the fact that X \U is finite. Hence U NZ # () and Z is a countable dense subset in (R, T.¢).

(b) The statement is false. See Tutorial classwork 1 Q1)a).

(c) The statement is false. See Tutorial classwork 0 Q1)b).

6. Assume that A’ is countable. Then A\ A’ is uncountable. For each x € A\A’, we can find B, € B
such that x € B, and B, N A\{z} = 0. In particular, for any z,y € A\A’ with = # y, we must
have B, # B,, otherwise we have y € B, N A\{z}, contradiction. Hence B, # B, for any = # y.
This gives us an injective map from A\ A’ to B. However, since the set A\ A’ is uncountable while
the set 9 is countable, such mapping cannot exist. This leads to contradiction. Hence A’ must be

uncountable.



